We describe the moduli spaces of morphisms between polarized complex abelian varieties. The discrete invariants, derived from a Poincaré decomposition of morphisms, are the types of polarizations and of lattice homomorphisms occurring in the decomposition. For a given type of morphisms the moduli variety is irreducible, and is obtained from a product of Siegel spaces modulo the action of a discrete group.
Introduction
We describe the moduli spaces of morphisms between polarized abelian varieties over the complex field. Several instances of these modular varieties occur in the literature. The moduli spaces of isogenies between elliptic curves occur as Hecke correspondences on modular curves, cf. [4] , [7] . The moduli spaces of embeddings of elliptic curves into abelian surfaces appear through their images in the moduli spaces of abelian surfaces. The moduli spaces of abelian surfaces containing elliptic curves coincide with certain Humbert modular surfaces, as shown by Kani [3] , and may also be seen as spaces of curves of genus two which cover elliptic curves, as in Murabayashi [8] . Moduli spaces of isogenies on abelian surfaces have been studied by Hulek and Weintraub [5] , and by Birkenhake and Lange [1] .
In this paper we propose a general treatment, in terms of Siegel coordinates. We identify the discrete invariants which correspond to the irreducible components of the moduli space of morphisms, and we describe the irreducible components as quotients of products of Siegel spaces.
The discrete invariants are derived from a Poincaré decomposition of morphisms. A morphism V → W of polarized abelian varieties, after suitable isogenies X × X ′ → V and Y × Y ′ → W , each a sum of two embeddings of complementary abelian subvarieties, lifts to a morphism X × X ′ → Y × Y ′ which is given by an isogeny X → Y multiplied by the zero map on X ′ . The sequence δ which collects the types of polarizations of the six varieties occurring in the decomposition is an invariant of the morphism. A second invariant is defined by taking into account how the morphisms in the decomposition behave with respect to the polarizations.
A morphism of abelian varieties X → Y with respect to symplectic bases gives rise to an integer matrix M which represents the induced homomorphism H 1 (X, Z) → H 1 (Y, Z), and what is only dependent on the polarizations is the equivalence class [M] under the natural action of symplectic groups. In the same way a Poincaré decomposition, which consists of a sequence of three morphisms, determines a sequence τ of integer matrices relative to symplectic bases, and what is invariant is an equivalence class [τ ] , defined in the natural way. The collective datum δ, [τ ] is what we call a type of morphisms between polarized abelian varieties, and we characterize the discrete data which are types of morphisms.
The global coordinates for morphisms are the Siegel coordinates of the varieties occurring in the Poincaré decomposition. As the type is fixed, it turns out that the morphism is determined if the varieties X, X ′ and Y ′ are given. Thus, for every type of morphisms we construct a complex analytic variety F δ [τ ] which is a coarse moduli space for morphisms of the given type. The moduli variety is irreducible, and is obtained from a product of Siegel spaces modulo the action of a discrete group.
The construction is presented in several steps. In §2 we introduce the invariant [M] mentioned before. Using this, in §3 the moduli space of isogenies is constructed. In §4 we describe some known examples, such as the Hecke correspondences. In §5 we introduce a refined invariant, the type of an embedding, derived from classical Poincaré reducibility. In §6 the moduli space of embeddings is constructed. In §7 the Poincaré reducibility for morphisms is presented and in §8 the moduli space of general morphisms is constructed. Finally in §9 we give the proof of the moduli property for these spaces, in a sketched form, and in §10 we shortly discuss the question of classifying the discrete data which are types of morphisms.
A first invariant
Some notation. Every abelian variety X will be endowed with a polarization L X , that we identify with the corresponding alternating form on H 1 (X, Z). We denote by D = (d 1 , . . . , d n ) the sequence of elementary divisors, the type of the polarization, where n is the dimension of X. The alternating form will be determined by means of some symplectic basis λ = (λ 1 , . . . , λ 2n ), such that L X (λ i , λ j ) is equal to d i for j = i + n, to −d i for i = j + n, and 0 otherwise, two symplectic bases for the polarization being related by some element of the symplectic group Sp(D, Z). We use the symbol D for the matrix of the alternating form with respect to a symplectic basis λ, and sometimes we write this as λ, λ = D, dropping the symbol L X . Note that the datum D encodes the dimension n.
The collection of isomorphism classes of abelian varieties endowed with symplectic basis for a polarization of type D will be denoted by A ′ D . The superscript is to remind the choice of symplectic bases, and in this way it will be used again in the following. The bijective map A ′ D ↔ H n with the Siegel space introduces the structure of a complex manifold. The collection of isomorphism classes of abelian varieties with polarization of type D is bijective to the quotient variety H n /Sp(D, Z). In a more precise language it is well known that one should speak of varieties representing the appropriate moduli functors.
We consider morphisms f : X → Y between abelian varieties, both endowed with polarization. As morphisms between abelian varieties we mean in the following the morphisms of analytic groups, the same as the morphisms of analytic varieties up to translations in the range.
An isomorphism
We denote by D, E the pair of types of polarizations on X, Y , of dimensions n, m.
Definition. Define F ′ D,E to be the collection of morphisms f of abelian varieties, both endowed with polarizations of the given types and with symplectic bases for the polarizations, modulo isomorphisms f ∼ = f ′ which preserve (the polarizations and) the bases. Define F D,E to be the collection of morphisms of abelian varieties with polarizations of the given types, modulo isomorphisms (which preserve the polarizations). Define
The group Γ D,E acts on the set F ′ D,E by producing the change of symplectic bases. The element (A, B) acts sending the isomorphism class represented by the morphism f endowed with symplectic bases γ, λ into the isomorphism class represented by f with the bases γA and λB. There is an identification
To a morphism f is associated the homomorphism f * :
, called the rational representation of f . With respect to the symplectic bases γ, λ, it is represented by an integer matrix M, that we also consider as a homomorphism
2m . This defines a map
sending the isomorphism class of (f, γ, λ) to the matrix M. We denote by F ′ D,E (M) the fibre over the matrix M. The group Γ D,E also acts on the set Hom(Z 2n , Z 2m ) by producing the equivalence of matrices that represent a given homomorphism f * under a change of bases. The element (A, B) acts as M → BMA −1 . The map above is equivariant with respect to the actions of Γ D,E , so there are isomorphisms of the fibres over two matrices in the same orbit. Consider the quotient map
sending the isomorphism class of f to the equivalence class [M] . We denote by F D,E [M] the fibre over the equivalence class [M] . There is an identification
where Γ D,E (M) denotes the stabilizer of M The equivalence class [M] is a first invariant that may be used in order to separate the components of the space F D,E .
Moduli of isogenies
The invariant defined in the preceding section is indeed sufficient for classifying the isogenies.
Let f : X → Y be a morphism of abelian varieties of the same dimension n, endowed with polarizations of types D, E, and with symplectic bases, and let M be the matrix of f * relative to the bases. The morphism is an isogeny if and only if det M = 0. Then there is an exact sequence
where the group F is defined as the cokernel of M. Moreover there is an isomorphism F ∼ = Ker(f ). We say that f is an isogeny of polarized abelian varieties if L X = f * L Y holds, and this happens if and only if
Note that det M = 0 follows from this. For instance one has polarizations of the same type if and only if M is symplectic, and then F = 0. We call the datum δ = (D, E) the polarization type of the isogeny f . We call the datum δ, M the type of the isogeny relative to the symplectic bases. So we have the restricted map
The image is characterized by equality (2) , and the fibres are described as
Then we have the quotient map
sending the isomorphism class of the isogeny f to the equivalence class [M] . We say that the datum δ, [M] is the type of the isogeny (tout-court, relative to the polarizations, independent of symplectic bases).
The fibre of the quotient map is described as
where Γ δ (M) denotes the stabilizer of M.
For a fixed type of isogenies, consider the two projections
in which to f : X → Y are associated the varieties X and Y respectively. Proof. There is a bijective correspondence on the level of comples tori, which restricts to abelian varieties. Given a complex torus Y and a basis in
, from the exact sequence (1) a representation H 1 (Y ) → F → 0 is deduced, and this determines a complex torus X together with a covering map X → Y , unique up to isomorphisms. Then from the exact sequence an isomorphism H 1 (X) ∼ = Z 2n is also obtained. Conversely, given a complex torus X and an isomorphism H 1 (X) ∼ = Z 2n , by means of the exact sequence an inclusion F ⊂ X is deduced, hence a quotient torus Y = X/F , together with an isomorphism (2) between the types is the condition so that there is equality Proof. The Siegel space H n may be viewed as a quotient: the space L(D) of lattice bases λ = (λ 1 , . . . , λ 2n ) in C n , subject to the locally closed condition that the alternating form defined by λ, λ = D is the imaginary part of some positive hermitian form (a condition that the Riemann relations express in terms of the Siegel coordinates of λ), divided by the natural action of
If the lattice basis λ defines a torus Y then the lattice basis γ := λM determines the complex torus X that covers Y ; conversely if γ defines a torus X then λ := γM −1 defines the quotient torus Y . This correspondence γ ↔ λ is an automorphism of the space of all lattice bases. It follows from the preceding proof that the correspondence restricts to an isomorphism
The stabilizer subgroup Γ δ (M) consists of the pairs (A, B) ∈ Γ δ such that MA = BM. In other words there is a diagram of group homomorphisms
where α, β are the two projections, and where φ M is the inner automorphism such that A → MAM −1 = B. Equality (2) implies that φ M restricts to an isomorphism Sp(D, Q) ↔ Sp(E, Q) of the rational symplectic groups. So there is an induced isomorphism
The actions of the groups α Γ δ (M) and β Γ δ (M) on H n are properly discontinuous, because they are restrictions of the actions of symplectic groups. It is well known that on the quotient spaces there are natural structures of analytic varieties. Moreover in the diagram of bijections
the arrow in the bottom line is an isomorphism of varieties. This determines on I δ [M] a unique structure of a complex analytic variety. Being a quotient of H n , this is an irreducible variety. The proof will be given in section 9.
Hecke correspondences
We show how the previous description looks for isogenies of elliptic curves, the case n = 1.
Recall that on an elliptic curve the polarizations are just the positive integer multiples of the unique principal polarization, and that an isogeny of elliptic curves acts on polarizations as multiplication by the degree. With respect to the notation in the previous sections, this means that if we take E = (1), the principal type, then necessarily D = (d), the degree of the isogeny, and condition (2) requires that det M = ±d. Recall moreover that the symplectic group is the full SL(2, Z), independent of the polarization degree, and that every M is reduced under unimodular transformations to a unique diagonal form with diagonal (d 1 , d 2 ) consisting of positive integers such that d 1 |d 2 , and necessarily
With this choice of data we simply write
for the moduli space of isogenies of the given type.
This implies for the kernel of the isogeny, occurring in (1), an isomorphism
we have a cyclic subgoup of the elliptic curve which dominates in the isogeny, and so we see that the space I(1, p) is identified to the modular curve X 0 (p) parametrizing elliptic curves with distinguished cyclic subgroup of order p. If d 1 > 1 then the isogenies factor as X → Z → Y , an isogeny of type (1, d 1 ) followed by an isogeny of type (1,
Let a, b, p be positive integers such that a|b and (b, p) = 1, and define
where u is of type (a, b) and g is of type (1, p), and also factors as X h → V v → Y where h is of type (1, p) and v is of type (a, b). In this way two morphisms
is known as a Hecke correspondence on the modular curve of degree p. This correspondence is studied in [4] , [7] . We end with recalling two more examples which fall within the scope of the present treatment. 
Refined invariant from reducibility
For embeddings of abelian varieties a refined invariant is derived from the well known Poincaré reducibility theorem. Let e : X ֒→ Y be an embedding into a polarized abelian variety. There is an abelian subvariety X ′ ⊂ Y such that the sum s : X × X ′ →Y is an isogeny. In other words X ∩ X ′ is a finite subgroup and 
The reducibility theorem establishes a 1-1 correspondence between embeddings e : X → Y into a polarized abelian variety and isogenies s : X × X ′ → Y which are sum of complementary embeddings, and this allows to describe the space of embeddings as the space of isogenies of the special form. Isomorphisms of embeddings e ∼ = e ′ will correspond with the natural definition of isomorphisms s ∼ = s ′ of isogenies of the special form. Let D, D ′ and E be the types of the polarizations on X, X ′ and Y . Introduce symplectic bases in X, Y and also in X ′ . The induced homomorphism
where M has nonzero determinant, and where F is defined as the cokernel. Note that the invariant of section 2 is the restriction
where the left hand side is a diagonal block matrix. We call the datum δ = (D, D ′ , E) the polarization type of the embedding, and we call the full datum δ, M the type of the embedding relative to the symplectic bases.
Definition. Let δ = (D, D
′ , E) be a sequence of polarization types, of dimensions n, n ′ and n+n ′ . Define E ′ δ to be the collection of embeddings associated to isogenies s which are sum of complementary embeddings, of the given polarization type, all varieties endowed with symplectic bases, modulo isomorphisms s ∼ = s ′ which preserve polarizations and bases. Define E δ to be the collection of embeddings associated to isogenies which are sum of complementary embeddings, of the given polarization type, modulo isomorphisms (which preserve the polarizations).
The group Γ δ acts on E ′ δ by producing the change of symplectic bases. The element (A, A ′ , B) acts sending the isomorphism class represented by the isogeny s endowed with symplectic bases γ, γ ′ , λ into the isomorphism class represented by s with the bases γA, γ ′ A ′ and λB. There is an identification
We have seen that there is a natural map
which to the isomorphism class of (s, γ, γ ′ , λ) associates the matrix M. The group Γ δ also acts on the set of matrices, by producing the equivalence of matrices for a given homomorphism s * under a change of symplectic bases. The element (A, A ′ , B) acts sending M → BM(A × A ′ ) −1 . The classifying map above is equivariant with respect to the actions of Γ δ and therefore induces a map
which to the isomorphism class of s associates the equivalence class [M]. The datum δ, [M] is what we call the type of the embedding.
The fibre over an equivalence class [M] is described as
If the fibre E ′ δ (M) is nonempty the datum δ, M is an effective type of embeddings. In addition to equality (4), it is clear that the matrix M has to satisfy one more property, the property that any isogeny represented by M will be a sum of two embeddings. We have the following characterization.
Lemma 5.1. The additional condition so that the datum δ, M is a type of embeddings is that M fits into a diagram
0 − −− → Z 2n × Z 2n ′ R×R ′ − −− → Z 2n × Z 2n ′ −−− → F × F − −− → 0 ||     0 − −− → Z 2n × Z 2n ′ − −− → M Z 2(n+n ′ ) −−− → F − −− → 0
where the bottom line is the pullback of the top line under the diagonal homomorphism of F , and where the top line is a product of two exact sequences.
Proof. The isogeny is a sum of embeddings if and only if the inclusion F ֒→ X × X ′ is given by a pair of inclusions F ֒→ X, X ′ . If the condition is satisfied, as in the beginning of the section, callingX = X/F,X ′ = X ′ /F the quotient varieties, the product isogeny X × X ′ →X ×X ′ factors as
Introducing bases also in the homology of the varietiesX andX ′ , the diagram is obtained. Conversely if a diagram of integer homomorphisms as above exists for M then the inclusion of the subgroup into the product variety is given by a pair of inclusions.
Moduli of embeddings
The refined invariant introduced in the preceding section is sufficient for classifying the embeddings.
Proposition 6.1. For every type of embeddings there is a natural bijection
Proof. To an embedding is associated a pair of varieties, as we have seen. Conversely, given two abelian varieties X, X ′ , with symplectic bases for polarizations of types D, D ′ , by means of the isomorphism
Define the torus Y = X × X ′ /F and call s : X × X ′ → Y the quotient isogeny. Then one has an isomorphism H 1 (Y ) ∼ = Z 2(n+n ′ ) , a symplectic basis for an alternating form L Y of type E. Condition (4) on the types implies that p
Using the same argument as in the proof of Proposition 3.1 it is then seen that s * L Y being a polarization implies that L Y is a polarization. Finally because of Lemma 5.1 the isogeny s is the sum of two embeddings. In particular the restriction X → Y is an embedding of the given type.
The stabilizer Γ δ (M) consists of the triplets (A,
In other words there is a diagram of inclusions
where the descending arrows are the natural projections, and the horizontal arrow is given by (A,
A product of Siegel spaces H n × H n ′ is the moduli space of embeddings with symplectic bases of polarizations of the given types. The group α Γ δ (M) acts on the product through the actions of symplectic groups. Hence the action is properly discontinuous and the quotient variety exists. The bijection
introduces on the left hand side the structure of a complex analytic variety. It is an irreducible variety.
Theorem 6.2. The variety E δ [M] is a coarse moduli space for embeddings of the given type.
The proof will be given in section 9.
Example 6.3. Embeddings of elliptic curves into principally polarized abelian surfaces, the case n = n ′ = 1 and E = I 2 . In this situation the pullback polarization is of type D = (k) where k = X · Θ Y is the degree relative to the polarization. Similarly one has D ′ = (k ′ ) and necessarily det M = ±kk ′ . This is seen for instance in [8] , where one also finds some first step in the classification of the types of embeddings (Lemma 1) to the effect that the matrix M may be reduced to a form 
The moduli space E δ (M) is a surface, a discrete quotient of
The space of principally polarized abelian surfaces which contain some elliptic curve of degree k is known to be irreducible, and is known to coincide with the so called Humbert modular surface of invariant ∆ = k 2 . See for instance [3] , which also contains the historical references. This means that for fixed k all E δ (M) have the same image in A 2 .
Poincaré decomposition of morphisms
The treatment of general morphisms is done by patching together the arguments developed so far for isogenies and embeddings. The starting point is a Poincaré decomposition of morphisms. 
where the horizontal arrows are isogenies, sums of the given embeddings. The diagram is uniquely determined from the polarizations.
Proof. Take X ′ = Ker 0 (f ), the connected component of 0 in the kernel, take Y = f (V ), let X and Y ′ be the complementary abelian subvarieties, and let g be the restriction of f . Uniqueness of the choice is a consequence of uniqueness in the classical reducibility theorem.
Definition. In the decomposition above if X ′ = 0 it is not possible to have on V a pullback polarization. However it makes sense to point out the case in which the isogeny g : X → Y preserves the polarizations. In this situation we say that f is compatible with the polarizations, or simply a morphism of polarized abelian varieties.
The proposition establishes a 1-1 correspondence between morphisms f : V → W which are compatible with the polarizations, and sequences of the form
where the horizontal arrows are isogenies, each a sum of complementary embeddings, and g is an isogeny which preserves the polarizations, and moreover the sequence is of some special type, such that a morphism f actually exists which fills in a commutative diagram (5) . This allows to describe the space of morphisms as the space of sequences of the special type. Let D, D ′ , E and H, H ′ , K be the polarization types of X, X ′ , V and Y, Y ′ , W . Introducing symplectic bases in all these varieties, the associated diagram of homology groups is represented by a diagram
where n = m and where the matrices M, N and P have nonzero determinant. The cokernels F, G are isomorphic to the kernels of the horizontal isogenies in the decomposition, i.e. the subgroups X ∩ X ′ and Y ∩ Y ′ . Thus the morphism f is isomorphic to a morphism
which is a quotient of the product g × 0 in the diagram.
We denote by δ = (D, D ′ , E, H, H ′ , K) the sequence of types of polarizations, and call it the polarization type of the morphism. We denote by τ = (M, N, P ) the sequence of matrices which represent the decomposition of the morphism, and we call the datum δ, τ the type of the morphism relative to the symplectic bases.
The types D, D ′ , E are related to M in equality (4), and similarly the types H, H ′ , K are related to N. As the morphism is compatible with the polarizations then D = t P HP also holds as in (2) . The matrices M, N, P satisfy a number of conditions. The product N (0 × P )M −1 is an integer matrix, associated to f . Both matrices M, N satisfy the condition of Lemma 5.1. Finally it is quite clear that one more property holds. It is the property that, if a sequence of isogenies of the special form is given, and if the sequence is of the given type δ, τ , then a morphism f actually exists which fills in the commutative diagram (5) . A characterization is given in the following lemma. If all these properties are verified then the datum δ, τ is an effective type of morphisms.
Lemma 7.2. The additional condition for the datum δ, τ as above to be a type of morphisms is that the matrix P fits in some diagram
in other words that P =P R with Coker(R) = F .
Proof. By hypothesis the matrices of the isogenies satisfy the condition of Lemma 5.1 and there are inclusions F ⊂ X, X ′ and G ⊂ Y, Y ′ as is seen in the proof of the lemma. Using these inclusions it is easily seen that there exists f : V → W if and only if g × 0 sends F → G and this happens if and only if g : X → Y sends F → 0. If this happens then there is a factorization X →X → Y whereX = X/F . Introducing bases in homology as in the proof of the lemma, the associated matrices satisfy P =P R whereP is the matrix ofX → Y and where R is the matrix of X →X. Conversely if the matrixP exists then F → 0 under X → Y .
General moduli spaces
Finally we show that the moduli spaces of morphisms of given types are irreducible varieties.
Definition. Let δ be a sequence of 6 polarization types, whose dimensions are in the relation as in the preceding section, diagram (6) . Define F ′ δ to be the collection of morphisms f admitting a decomposition (5) of the given polarization type, all varieties endowed with symplectic bases, modulo isomorphisms which preserve polarizations and bases. Define F δ to be the collection of morphisms admitting a decomposition of the given polarization type, modulo isomorphisms (which preserve the polarizations). Define Γ δ to be the product of the 6 symplectic groups for the types in δ.
The group Γ δ acts on F ′ δ by producing the change of symplectic bases, and there is an identification
For the natural map on F ′ δ which to the isomorphism class of a morphism f endowed with bases associates the type τ relative to the bases, we denote by F ′ δ (τ ) the fibre over τ . It is nonempty if the datum δ, τ is a type of morphisms.
The group Γ δ also acts on the set of sequences τ by producing the equivalence under the change of bases. The classifying map on F ′ δ is equivariant, and therefore defines a map on F δ which to the isomorphism class of f associates the equivalence class [ 
where Γ δ (τ ) is the subgroup of Γ δ stabilizer of τ . 
It is seen in the usual way that the stabilizer Γ δ (τ ) acts properly discontinuously, so the quotient variety exists, and this introduces on the left hand side the structure of a complex analytic variety, and an irreducible one. The proof will be given in section 9.
The moduli property
In this section we give the proof of the moduli property, in a sketched form. The proof is based on an analytic treatment of the moduli property of the Siegel modular variety. The moduli property means two things. First, each modular variety parametrizes a family of morphisms. This is constructed in a natural way from the universal family of abelian varieties over the Siegel space. The details are lenghty, but natural, and will be omitted. Second, every flat family of morphisms determines a morphism to the suitable variety of moduli. This part of the proof will be sketched in the various cases. ′ of the parameter scheme T the families can be endowed with symplectic bases, and this determines two liftings
Proof of 8.2. Let f : V → W be a flat family of morphisms of the given type, parametrized by T . By hypothesis all morphisms in the family are of the same rank. Because of this, there is a flat subfamily X ′ ⊂ V which parametrizes the connected kernels Ker 0 (f t ), and the image Y = f (V) also is a flat family. Then the families X, Y ′ of complementary varieties are determined relative to the polarizations, and finally is defined a family of isogenies g : X → Y. They are all flat families. Locally over open subschemes T ′ ⊂ T the families of abelian varieties can be endowed with symplectic bases for the type δ, with respect to which the morphisms occurring in the factorization of f t are represented by a sequence of integer matrices, independent of t, belonging to the given type, we may assume it is precisely the sequence τ . From the universal property of the Siegel space and from Theorem 1.1 it follows that there is a morphism T ′ → I Finally we may define the total space F = ∪ F δ [τ ], disjoint sum of countably many analytic varieties. This will be a coarse moduli space for all morphisms of polarized abelian varieties. What is only required in addition is the observation that in a family of morphisms f : V → W the image f (V) has constant fibre dimension over the parameter T . This is a general statement of rigidity for morphisms of abelian varieties, and will be considered elsewhere. Then as in the preceding proof the decomposition is constructed, with respect to which the family is of some well determined type δ, [τ ], and finally a morphism T → F δ [τ ] is obtained.
Some questions in integral linear algebra
We have seen that the components of the moduli space of morphisms between polarized abelian varieties correspond to equivalence classes of certain rather complicated discrete data. Thus the question arises of finding canonical forms for these data. All what we know is contained in the examples of section 4 and in example 6.3. Here we recollect some results and formulate some natural questions.
The types of isogenies are the data of the form δ, M where δ = (D, E) is a pair of polarization types of the same dimension n, and M is an integer square matrix of order 2n, such that D = t M EM holds (equality (2)). For given δ we ask whether some M exists. A necessary condition is that E divides D, as follows from [2, Ch. 9, p. 85, ex. 1a]. Moreover, a solution M is equivalent to BMA −1 for every element (A, B) of the group Γ δ , a pair of symplectic matrices for the types D, E. It would be useful to find canonical forms, i.e. the simplest possible forms in the equivalence classes [M] . Finally, it is clear that equality (2) says that the smaller datum E, M determines the datum D. It might be useful to rephrase the whole treatment in terms of the smaller datum.
The types of embeddings are the data of the form δ, M where δ = (D, D ′ , E) is a sequence of polarization types, of dimensions n, n ′ , n + n ′ , and M is an integer square matrix of order 2(n + n ′ ), which is obtained from some product R × R ′ in the way described in Lemma 5.1, and such that D × D ′ = t M EM holds (equality (4)). For the same reason as before we find that a necessary condition is that E divides the type of the matrix D × D ′ , which is determined by the pair D, D ′ , cf. [2, Ch. 7, p. 94, rem. 3]. Moreover, we may replace M with any equivalent matrix of the form BM(A × A ′ ) −1 , for any element (A, A ′ , B) of the group Γ δ , and it would be useful to find some simpler equivalent form. It is possible that this problem, for embeddings, might become easier to work with once we have some solution of the previous problem, for isogenies.
The analogous discussion can be done about the classification of the general types of morphisms.
